Abstract. New immersed finite element (IFE) methods are developed for second-order elliptic problems with discontinuous diffusion coefficient. IFE spaces are constructed based on the rotated-Q 1 nonconforming finite elements with the edge midpoint value and the edge mean value degrees of freedom. Approximation capability of these IFE spaces is analyzed by using appropriate interpolation operators and function spaces. The standard nonconforming Galerkin method is considered without any penalty stabilization term. Error estimates in energy-and L 2 -norms are proved to be better than O(h | log h|) and O(h 2 | log h|), respectively, where the | log h| factors reflect jump discontinuity. Numerical results are reported to confirm our analysis.
1. Introduction. We consider the second-order elliptic interface problem:
where the physical domain Ω ⊂ R 2 is assumed to be formed by multiple materials. Without loss of generality, we assume that a C 2 -continuous interface curve Γ separates the physical domain Ω into two sub-domains Ω + and Ω − , such that Ω = Ω + ∪ Ω − ∪ Γ and Ω − Ω. See an illustration in Figure 1 .1. The diffusion coefficient β(x, y) is discontinuous across the interface Γ, and it is assumed to be a piecewise constant function defined by (1.2) β(x, y) = β − if (x, y) ∈ Ω − , β + if (x, y) ∈ Ω + , such that min{β − , β + } > 0. Across the interface Γ, the solution and its flux are assumed to be continuous, i.e.,
[u] Γ = 0, (1.3a)
ν · β∇u] Γ = 0, (1.3b) where ν is the unit normal of Γ, and [v] Γ = v + | Γ − v − | Γ . Conventional finite element (FE) methods can solve this elliptic interface problem satisfactorily provided that solution meshes are shaped to fit the material interface [3] ; otherwise the accuracy of the solution is uncertain [1] . Immersed finite element (IFE) methods [4, 9, 10, 11, 13, 18, 19, 21, 22, 23, 25, 28] , on the other hand, do not require meshes to fit the interface. Hence, if desired, Cartesian meshes can be used to solve interface problems which is advantageous in many simulations. For example, in particle-in-cell methods for plasma particle simulations [14, 15] , it is preferable to solve the governing electric potential interface problem on Cartesian meshes for efficient particle tracking. Also, IFE methods, in either a standard fully discrete or a semi discrete (the method of lines) formulation, can be used to solve time dependent problems with moving interfaces [12, 20] on a fixed Cartesian mesh throughout the whole simulation.
The fundamental idea of IFE methods (see e.g. [11, 19] ), is to locally modify finite element functions on interface elements so that the interface jump conditions (1.3a) and (1.3b) are locally preserved in a certain sense. For elliptic interface problems, most of IFE methods in the literatures are adapted from the standard Lagrange type conforming FE spaces whose degrees of freedom are determined by nodal values in a mesh. However, IFE spaces originated from these conforming FE spaces are usually nonconforming because IFE functions are discontinuous across interface edges. This discontinuity can be harmfully large for certain configuration of interface location and diffusion coefficient. Consequently, the IFE solution is often less accurate around the interface than the rest of solution domain. Our recent numerical experiments reported in [21, 29] also indicate that the convergence rates of these conforming type IFE functions used in Galerkin formulation can deteriorate as the mesh size becomes very small.
New partially penalized immersed finite element (PPIFE) methods are introduced in [21, 29] to cope with the negative impacts caused by the discontinuity in IFE functions. In PPIFE schemes, penalization terms are added to IFE schemes which enables an enhance stability compared with classic IFE methods in the Galerkin formulation. The main idea of PPIFE arises from interior penalty discontinuous Galerkin (IPDG) methods [27] . However, in PPIFE methods, the stabilization terms are only added on interface edges compared to all interior edges for IPDG scheme [24] . With the enhanced stability enforced by the penalty over interface edges, these PPIFE schemes perform significantly better than classic IFE methods in the sense that errors around the interface are reduced notably and optimal convergence are observed in both L 2 and energy norms without deterioration on fine meshes. More importantly, a priori optimal error estimates can be theoretically establish for these schemes provided that the solution space has piecewise H 3 regularity (see [21] ).
In this article, we develop a new class of IFE methods that uses an alternative approach to effectively alleviate the harmful impacts of discontinuity in IFE functions. In this new framework, the continuity of IFE function across element boundary is weakly enforced; hence there is no need to add penalty terms in the new scheme. Specifically, our new IFE spaces are based on nonconforming finite element spaces [2, 6, 7, 16, 26] rather than conforming Lagrange type finite element spaces. One of the significant differences between conforming and nonconforming finite elements is how to enforce the continuity of finite element functions across elements. Conforming FE functions impose the continuity through nodal values at mesh points, while the continuity of nonconforming FE functions is imposed through mean values over edges. For IFE methods, an interface edge is cut by the interface into two pieces. The restriction of an IFE function to an interface edge leads to two piecewise polynomials from the two adjacent interface elements sharing this edge. In the conforming framework, these two piecewise polynomials coincide at the two endpoints of the interface edge, and this guarantees the continuity of the IFE function at the end nodes of the interface edge but not the whole interface edge. On the other hand, in the nonconforming framework, the continuity across an element edge is weakly enforced over the whole edge in the integral sense, no matter whether it is a polynomial or a piecewise polynomial. Thus we can take advantage of this nonconforming mechanism for constructing IFE functions that weakly preserve continuity over the whole of each interface edge.
The simplest nonconforming finite element defined on triangular meshes is the well-known Crouzeix-Raviart element [6] . For rectangular meshes, the simplest nonconforming finite elements are known as the rotated-Q 1 finite elements [2, 7, 16, 26] . Their degrees of freedom are determined either by values at midpoints of edges or by the integral values over edges. These two types of degrees of freedom coincide for Crouzeix-Raviart element. The Crouzeix-Raviart type IFE method has been discussed in [17] . In this article, we will develop new IFE spaces based on the rotated-Q 1 functions using both the midpoint-value and the integral-value degrees of freedom. As expected, the favored IFE space is the one with integral-value degrees of freedom because of it preserves continuity of approximating functions across element boundaries. This feature enables us to derive optimal error estimates for Galerkin IFE solution in both energy norm and L 2 norm. The rest of this article is organized as follows. In Section 2, we construct the nonconforming rotated-Q 1 IFE spaces and present their basic properties. In Section 3, we discuss the approximation capabilities of these IFE spaces. In Section 4, we analyze errors of Galerkin solutions to the elliptic interface problem in energy and L 2 norms. In Section 5, numerical results are presented to confirm our analysis and demonstrate features of the new IFE methods. Finally, a few brief conclusions are provided in Section 6.
Nonconforming Immersed Finite Element
Spaces. This section starts from notations and some preliminaries to be used in this paper. Then, it will introduce the nonconforming IFE spaces based on rotated-Q 1 elements.
Notations and Preliminaries. Multi-index notations will be employed such that
, where Z + denotes the set of all nonnegative integers. By S we denote the union of finite number of mutually disjoint open sets S j ⊂ R 2 , j = 1, · · · , J, and by S the interior of S, which contains S and all its possible interfaces. If J = 1, S = S. Let W m,p ( S) denote the usual Sobolev space with non-negative integer index m, equipped the norm and seminorm: In particular, for p = 2, we denote H m ( S) = W m,p ( S), and we omit the index p in associated norms and seminorms for simplicity, i.e., v m,2, S = v m, S , and |v| m,2, S = |v| m, S . We will also follow the convention to drop the domain index S if S = Ω. For p = 2, associated with the norm · m, S , the inner product for H m ( S) will be denoted by (·, ·) H m ( S) , with further simplification to (·, ·) S and (·, ·) if m = 0 and also if S = Ω, respectively.
For m ≥ 1, we define two types of subspaces of H m ( S) whose functions satisfy the interface jump conditions (1.3a) and (1.3b) on Γ. First, we set
endowed with the inner-product and the norm
Notice that H 1 Γ (S) = H 1 (S) and that
Finally, for m = 2, we define a subspace of H m Γ (S), which will be suitable for the analysis of interface problem, as follows:
In addition, the following spaces will be useful: for p ≥ 2, 
. For the interface problem described by (1.1) and (1.3), we consider its weak form: find u ∈ H 1 (Ω) such that u = g on ∂Ω and
, where
, ·, · V ,V being the duality pairing between the topological vector space V and its dual space V . An application of Lax-Milgram Lemma shows that there exists a unique solution u ∈ H 1 (Ω) for (2.1) such that
where C is a positive constant depending only on Ω and β.
Nonconforming FE functions.
Let Ω be a rectangular domain or a union of rectangular domains. Without loss of generality, assume that {T h } is a family of uniform Cartesian meshes for the domain Ω with the mesh parameter h > 0. For each element T ∈ T h , we call it an interface element if the interior of T intersects with the interface Γ; otherwise, we call it a non-interface element. Without loss of generality, we assume that interface elements in T h satisfy the following hypotheses when the mesh size h is small enough: (H1) The interface Γ cannot intersect an edge of any rectangular element at more than two points unless the edge is part of Γ. (H2) If Γ intersects the boundary of a rectangular element at two points, these intersection points must be on different edges of this element. Denote by T i h and T n h = T h \ T i h the collections of all interface elements and noninterface elements, respectively. For a typical element T = A 1 A 2 A 3 A 4 ∈ T h , the following conventions for its vertices and edges are assumed:
and (2.3)
For j = 1, 2, 3, 4, denote by M j the midpoint of the edge γ j . We follow the triplet definition of a finite element [5] to distinguish the following two finite elements introduced in [26] . The first finite element is defined by (T, Π T , Σ P T ), where
Here the superscript P emphasizes that the degrees of freedom are determined by the point values at the edge midpoints. Denote by ψ P j,T , j = 1, 2, 3, 4, the local basis functions such that
The second finite element is defined by (T, Π T , Σ I T ), where
where |γ j | denotes the length of the edge γ j . The superscript I is adopted in order to emphasize that the degrees of freedom are given by the integral values over edges. The local basis functions ψ
Set the local finite element spaces as follows It is obvious that on every element T ∈ T h , S Assume that an interface curve Γ intersects T ∈ T h at two different points D and E, and the line segment DE separates T into two subelements T + and T − . Depending on the adjacency of the edges containing D and E, the interface elements will be classified as Type I and II interface elements such that these two edges are located at two adjacent edges and at two opposite edges, respectively.
We use Type II interface element to exemplify the construction of the local IFE functions and corresponding spaces, i.e., we assume the interface points are such that
where d, e ∈ (0, 1). The local IFE function φ I T is defined as a piecewise rotated Q 1 polynomial as follows:
The coefficients c ± j are determined by the average value on each edge γ j :
and the following interface jump conditions:
• continuity of the function on DE:
• continuity of the flux:
where ν DE is the unit normal on DE to T − . Equations (2.10)-(2.12) provide eight constraints and lead to an 8 × 8 algebraic system M c C = V about the coefficients C = (c
t . By direct calculations, one can verify that the matrix M c is nonsingular for all β ± > 0 and 0 < d, e < 1; see [29] for more details. Hence, an IFE function φ I T satisfying jump conditions (2.11) and (2.12) is uniquely determined by its integral mean values v j over edges γ j , j = 1, 2, 3, 4. For each j = 1, 2, 3, 4, let
t ∈ R 8 be the j-th canonical vector such that v j = 1 and v k = 0 for k = j. We can solve for C j = (c
t and use it in (2.9) to form the j-th nonconforming rotated-Q 1 local IFE basis function φ Furthermore, the global IFE spaces are defined as follows
Notice that these two global IFE spaces are such that S Lemma 2.6. (Boundedness) There exists a constant C, independent of interface location, such that for j = 1, 2, 3, 4, and k = 0, 1, 2,
Theorem 2.7. (Trace Inequality) There exists a constant C > 0, depending only on the diffusion coefficient β, such that
, where γ is an edge of T , and ν is the unit outward normal to T . Theorem 2.8. (Inverse Inequality) There exists a constant C, depending only on the diffusion coefficient β, such that
, and for all integers 0 ≤ l ≤ k ≤ 2.
3. The Interpolation Operators and Approximation Capability. In this section, we discuss the approximation capability for nonconforming IFE spaces S P h (Ω) and S I h (Ω). On each non-interface element T ∈ T n h , the local interpolation are canonically defined in two ways based on different types of degrees of freedom (2.4) and (2.6), respectively. Denote by I ι T : C(T ) → S n h (T ), ι = P, I, the interpolation operators with midpoint-value and integral-value degrees of freedom, respectively, such that,
where γ j and M j , j = 1, 2, 3, 4, denote the edges and the edge midpoints, respectively. The standard scaling argument leads to the following error estimates [26, Lemma 1]:
On each interface element T ∈ T i h , the interpolation operators
, are defined by the degrees of freedom (2.4) and (2.6), respectively. Then the local interpolation properties hold:
Finally, we define the global IFE interpolation
It is obvious that
In what follows, we focus on the interpolation error analysis on interface elements.
Error Analysis of Interpolation on S
P h (Ω). We first consider the analysis of the nonconforming rotated Q 1 interpolation error I P T u − u with midpoint-value degrees of freedom. The error estimates can be obtained similarly as the linear and bilinear IFE interpolations [11, 18] using multi-point Taylor expansion. The proof can be found in [29, Chapter 3] , and thus we only state the results.
Theorem 3.1. There exists a constant C > 0, independent of interface location, such that
on the interface element T ∈ T i h . Theorem 3.2. There exists a constant C > 0, such that we have the following interpolation error estimate:
I h (Ω). Next, we consider the interpolation error I I T u − u with integral-value degrees of freedom on an interface element. 17) , we obtain the following estimation
Here, we have used the fact that the size of an element is |T | = O(h 2 ), and |∂T | = O(h). The result (3.6) follows from combining the above estimates.
The interpolation I 
on every interface element T ∈ T i h . Proof. By the triangle inequality, we have
For every x ∈ T and α ∈ [Z + ] 2 with |α| ≤ 1, by the Cauchy-Schwarz inequality,
Then, for every u ∈ H 1 (T ), and k = 0, 1, we have the following estimates by (3.6) and trace inequalities:
Also note that
and u − I P T u ∈ H 1 (T ); hence, from (3.10) and (3.4) it follows that (3.11) |I
Now, (3.7) follows from the combination of (3.4), (3.8), and (3.11).
The global interpolation error estimate follows from combining (3.2) and (3.7) and summing over all the elements. Theorem 3.5. There exists a constant C > 0, such that we have the following interpolation error estimate
3.3. The nonconforming IFE Galerkin method. Given a mesh T h , we denote by E h ,E h and E b h the set of its edges, interior edges, and boundary edges, respectively. The sets of interface edges and non-interface edges are denoted by E i h and E n h , respectively. For the sake of simplicity, in the following discussion, we assume that the interface curve Γ does not intersect the boundary ∂Ω. Consequently, E 
The nonconforming IFE Galerkin method is to find u ι h ∈ S ι h (Ω), ι = I, P such that
subject to the boundary conditions:
(3.14)
where M γ is the midpoint of γ. Here the test function spaces are defined as follows
In the following, we derive the error estimation of IFE solutions u I h with integralvalue degrees of freedom. Numerical examples in Section 4 will demonstrate that IFE solutions u P h with midpoint-value degrees of freedom do not always have optimal convergence rates.
Projection operators. For convenience in the analysis to follow, let
and write
Denote by ν j the unit outward normal to T j . We will use the following projection operators introduced in [7] :
v ds is the average of v over γ and
Lemma 3.6. Let γ = (0, h) with γ − = (0, α) and γ
, and there exists a constant C such that
Proof. For every ∈ (0,
2 ), we specifically choose
.
1+2σ , 1 − (1 + 2σ)q = −1, and 1 + 2σ ≤ (1 + 2σ)q < 2. Hence,
Therefore, using p such that 1 p + 1 q = 1, and the above estimate, we have
In the last step, we used the Sobolev embedding theorem for one dimension:
By definition of the fractional Sobolev norm, we have
which leads to
because for small , we have
Theorem 3.7. Let T ∈ T h and let γ be an edge of T . Then there exists a constant C > 0 such that the following hold on a mesh T h with a sufficiently small mesh size:
Here, for T ∈ T i h , designate
Proof. Let γ ∈ E h . In the first two cases we assume γ ∈ E n h , but for the third case we assume γ ∈ E 
For the first two cases, by the definition of · 1 2 ,γ , we have
For the third case, applying Lemma 3.6, we have
Finally, all the estimates in this theorem follow by applying (3.18) and (3.19) to (3.17) , by taking the minimum of 3.5. The Energy-Norm Error Estimate. Define the (broken) energy norm u = a h (u, u).
As needed, we quote the following second Strang lemma for the IFE solution:
h (Ω) be the solutions of (2.1) and (3.13), respectively. Then,
We are now ready to state and derive an error estimate in the energy norm. Theorem 3.9. Let u ∈ H 2 β (Ω) and u I h ∈ S I h (Ω) be the solutions of (2.1) and (3.13), respectively. Then, there exists a constant C such that
If, in addition, u ∈ W 2,q β (Ω) for some q > 2, there exists h 0 > 0 such that, for all 0 < h < h 0 ,
Proof. We need to estimate those terms bounding u−u I h in (3.20) of the Strang lemma above. By the interpolation estimate (3.12), we can estimate the first term on the right hand side of (3.20) as follows:
Hence, by choosing m j ∈ P 0 (T j ) to be the the average of w h over T j , one sees that
Hence, by Theorem 3.7, the trace inequality on T j , and the approximation capability of m j , we have
Then, applying (3.23) and (3.25) to (3.20) leads to (3.21) .
Assume that u ∈ W 2,q β (Ω) for some q > 2. Then choose p such that
Hence, the second term in (3.21) can be bounded by
Since lim h→0 | log h| 
Assume that the interface problem (2.1) is H 2 β (Ω)-regular so that the elliptic regularity estimate holds:
We start from recalling the following standard estimates for the IFE interpolation I I h ψ: there exists a constant C such that
for all q j ∈ P 0 (T j ).
Next, for all v h ∈S I h (Ω), similarly to (3.24), we have
Using the property [ψ] γ jk = 0 and recalling the definition of Π ν , we see that
In addition, note that for
With these preparations, we are ready to derive the error estimate in the L 2 -norm for the IFE solution.
Theorem 3.10. Assume the interface problem (2.1) is H 2 β (Ω)-regular. Then, there exists a constant C such that the L 2 -norm error of the IFE solution satisfies the following estimate:
Proof. We proceed to estimate each term on the right hand side of (3.29) . First, choose v h = I I h ψ. Then, by (3.12) and (3.27), the first term on the right-hand side of (3.29) is bounded as follows:
Again, choosing q j ∈ P 0 (T j ) to be the the average of η h over T j , by Theorem 3.7, the trace inequality on T j , Theorem 3.5, and (3.27), we can bound the last two terms on the right hand side of (3.29) as follows:
For the second term in (3.29), by Theorem 3.5, Theorem 3.7, (3.28) and (3.27),
+ h| log h|
Plugging the estimates (3.31)-(3.33) in (3.29) gives
Finally, applying Theorem 3.5 and Theorem 3.9 to the above estimate, we arrive at the desired estimate (3.30) . This completes the proof. Remark 3.2. Again, the estimate given in (3.30) suggests that the IFE solution converges in L 2 -norm better than O(h 2 | log h|) which is optimal sans the usual | log h| factor.
Remark 3.
3. An optimal rate O(h 2 ) without | log h| factor may be obtained with slightly better regularity u ∈W 2,q β (Ω), q > 2, and the elliptic regularity assumption based on L q -norm. In addition, the analysis requires the interpolation error estimates for IFE functions based on L q -norm, which will be an interesting future work.
Numerical Examples.
In this section, we present numerical examples to demonstrate the features of these nonconforming rotated-Q 1 IFE methods for elliptic interface problems.
We test our methods with the same example as given in [11, 29] . Let Ω = (−1, 1) 2 , and the interface curve Γ is the circle centered at the origin with radius r 0 = π/6.28, which separates the domain into two sub-domains:
The boundary condition g and the source function f are chosen such that the exact solution is as follows:
where a = 5, r = x 2 + y 2 . We use a family of Cartesian meshes (T h ) 0<h<1 , each of which consists of N × N congruent squares of size h = 2/N . Errors of an IFE approximation are given in L ∞ , L 2 , and semi H 1 norms. L ∞ -norm errors are calculated using the formula: Table 4 .1 and 4.2, respectively. The interpolation errors I P h u − u for these two configurations are listed in Table 4 .3 and 4.4, respectively. Data in these tables clearly show that IFE interpolations have optimally approximate rates in both L 2 and H 1 norms. Numerical results confirm our error analysis (3.5) and (3.12) . Moreover, we also observe optimal convergence rates for L ∞ norm. Next we solve the elliptic interface problem using nonconforming Galerkin IFE scheme (3.13). For integral-value degrees of freedom, numerical errors are reported in ) , which is also optimal from the point view of the degree of polynomials in constructing IFE spaces S I h (Ω). In comparison, for midpoint-value degrees of freedom, Galerkin solution errors are reported in Tables 4.9 and 4.10 for small and large coefficient discontinuities. Data in these tables indicate that solutions cannot achieve optimal rates of convergence in any of L ∞ , L 2 , or semi H 1 norms. We observe that convergence rates for larger coefficient jump case is lower than the small coefficient jump. In addition, convergence rates are oscillating as we uniformly refine the solution mesh which indicates that the Galerkin scheme using midpoint-value degrees of freedom is sensitive to the material configuration in the interface elements and the ratio of coefficient jumps.
We also compare the point-wise error e P h (x, y) = |u P h (x, y)−u(x, y)| and e I h (x, y) = |u I h (x, y) − u(x, y)| for every point (x, y) ∈ Ω on the same mesh containing 160 × 160 elements. Error functions of these two solutions are plotted in Figure 4 .1. It can be observed from the left plot that the point-wise accuracy of solution u I h around interface are comparable to errors far away from the interface. On the other hand, the plot on the right suggests that the point-wise accuracy of u P h is quite poor around the interface. We suspect the reason for poor accuracy around interface is because the Finally, we take a closer look of the rotated Q 1 IFE functions and bilinear IFE functions [11] . In Figure 4 .2, we plot the global bases of Q 1 and RQ 1 IFE function on two adjacent elements. In the left plot, there is a large gap on common interface edge of a bilinear IFE basis, where the continuity is only enforced at two endpoints of that edge. To see it more clearly, in the right plot, the traces of this bilinear IFE function are plotted in blue curves which indicate that the largest discontinuity occurs at the intersection point of the edge and the interface. On the other hand, the middle plot shows that the discontinuity of a RQ 1 IFE basis is scatter throughout the interface 5. Conclusions. In this article, we develop two types of rotated-Q 1 nonconforming IFE spaces based on the different types of degrees of freedom to solve elliptic interface problems. Both of these IFE spaces are proved to have optimal approximation capabilities. Error analysis of the Galerkin IFE solutions using integral-value degrees of freedom shows the optimal convergence rates.
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